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Abstract. We consider the local equivalence problem for the class of linear second 
order hyperbolic equations in two independent variables under an action of the pseudo- 
group of contact transformations. E. Cartan's method is used for finding the Maurer - 
^ ' Cartan forms for symmetry groups of equations from the class and computing structure 

^ . equations and complete sets of differential invariants for these groups. The solution of 

f-^ I the equivalence problem is formulated in terms of these differential invariants. 

o 

(*— ^ I AMS classification scheme numbers: 58H05, 58J70, 35A30 

^ • In the present paper, we find neccessary and sufficient conditions for two equations from 

G ' tlie class of linear second order hyperbolic equations 

utx = T{t, x) ut + X(t, x) Ux + U{t, x) u (1) 



Introduction 



> 

X. 

H , to be equivalent under an action of the contact transformation pseudo-group. We 

use Elie Cartan's method of equivalence, P - |SI, in its form developed by Pels and 
Olver, 13 EI, to compute the Maurer - Cartan forms, the structure equations, the basic 
invariants, and the invariant derivatives for symmetry groups of equations from the 
class . All differential invariants are functions of the basic invariants and their invariant 
derivatives. The differential invariants parametrize classifying manifolds associated with 
given equations. Cartan's solution to the equivalence problem states that two equations 
are (locally) equivalent if and only if their classifying manifolds (locally) overlap. 

The symmetry classification problem for classes of differential equations is closely 
related to the problem of local equivalence: symmetry groups of two equations are 
necessarily isomorphic if these equations are equivalent, while the converse statement is 
not true in general. The symmetry analysis of linear second order hyperbolic equations 
(d} is done by Lie, jTHl Vol. 3, pp 492-523]. Two semi-invariants H = —Tf + T X + U and 
K = —Xx + T X + U were discovered by Laplace, [THj. These functions are unaltered 
under an action of the pseudo-groups of linear transformations u = c{t,x) u. In |22j . 
Ovsiannikov found the invariants P = K H~^, Q = (In | H\)txH~^ and used them to 
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classify equations (Q) with non-trivial symmetry groups. In tli 2.3], fOl § 10.4.2], 
it was claimed that the invariants P and Q form a basis of differential invariants for 
equations (Q), while all the other invariants are functions of P and Q and their invariant 
derivatives. In ^3] , a basis of five invariants and operators of invariant differentiation 
are found in the case Px 7^ 0. In the case Pt 7^ and Px ^ two bases of four invariants 
are computed in [T^ . 

In ^Hl, the invariant version of Lie's infinitesimal method was developed and applied 
to the symmetry classification of the class (^. 

The symmetry classification problem and invariants for the class of linear parabolic 
equations Uxx = T{t,x)ut + X{t,x)ux + U{t,x)u are studied in [ini ESI UH UB] by 
Lie's infinitesimal method. In [201 1^ , Cartan's method is applied to solve the contact 
equivalence problem for this class. 

The paper is organized as follows. In Section 1, we begin with some notation, and 
use Cartan's equivalence method to find the invariant 1-forms and the structure equati- 
ons for the pseudo-group of contact transformations on the bundle of second-order jets. 
In Section 2, we briefly describe the approach to computing Maurer - Cartan forms 
and structure equations for symmetry groups of differential equations via the moving 
coframe method of Fels and Olver. In Section 3, the method is applied to the class of 
hyperbolic equations (Q]). Finally, we make some concluding remarks. 

1. Pseudo-group of contact transformations 

In this paper, all considerations are of local nature, and all mappings are real analytic. 
Let £^ = M" X M — > M" be a trivial bundle with the local base coordinates {x^, ..., x") and 
the local fibre coordinate u; then by J'^{S) denote the bundle of the second-order jets of 
sections oi S, with the local coordinates {x\u,pi,pij), i,j G {!,..., ra}, i < j. For every 
local section {x\ f{x)) oiS, the corresponding 2-jet {x\ f{x), df{x)/dx\ d'^f{x)/dx^dx^) 
is denoted by J2(/)- A differential 1-form {} on J^{S) is called a contact form if it is 
annihilated by all 2-jets of local sections: J2{f)*'& = 0. In the local coordinates every 
contact 1-form is a linear combination of the forms d^ = du — pi dx"^, di = dpi — pij dx^ , 
i,j G {1, ...,n}, pji = Pij (here and later we use the Einstein summation convention, so 
Pidx^ = ^"=1 Pidx\ etc.) A local diffeomorphism 

A : J'{£) ^ J\£), A : {x\u,p,,p,,) ^ {x',u,p,,p,^), (2) 

is called a contact transformation if for every contact 1-form •& the form A*'t} is also 
contact. We use Cartan's method of equivalence, [31231, to obtain a collection of inva- 
riant 1-forms for the pseudo-group of contact transformations on J'^{S). For this, take 
the coframe {-do, -^i, dx\ dpij \i,j e {1, ..., n}, i < j} on J^{S). A contact transformation 
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(0) acts on this coframe in the following manner: 



A* 



S 



dx'' 
\ dpki J 



where 5* : J'^{S) — > ^ is an analytic function, and Q is the Lie group of non-degenerate 
block matrices of the form 



/ a 


a'^ 





\ 


9i 


h^ 








P 


f 


5 


^ikl 


\ ^ij 


w% 


^ijk 


~kl 
^i3 / 



In these matrices, i,j,k,l G {l,...,n}, r*^' are defined for k < I, 'sij, w^j, and Zijk are 
defined for i < j, and g*' are defined for i < j, k < I. 

Let us show that a^ = 0. Indeed, the exterior (non-closed!) ideal I = spa.n{{}Q,{}i} 
has the derived ideal 62 = {u E X\du! E 2} = spanl-i^o}- Since A* I C I implies 
A* (61) C 5{A*T) c5I,we obtain A*^o = a^o- 

For convenience in the following computations, we denote by (Bj) the inverse matrix 
for (hi), so b^i Bj = 6^, by (H^) denote the inverse matrix for (hi), so hi Hj = 6^, 
change the variables on Q such that Qi = gia~^, f^^ = f^^ Hi, c* = 1? a~^ — f^^ gu, 



Sij 

Qij 



-■ Sij a 
Qij 






k 

m r^m'kl 



K^rsn 



TDr. 
Ml. 



C'% W-j 



and define Q^J^, by Q^n, q^'^ 



Zi' 



XTjm rsrk 

'^ij ^m ^irm 



m flk 



BTf 



^ijk 



J.. urn 



In accordance with Cartan's method of equivalence, we take the lifted coframe 



/eo\ 



s 



( ^0 \ 

^k 

dx^ 
\ dpki J 



( ad. 



\ 



(3) 



giQo + h^i'&k 

c' ©0 + /*'' ©A: + b\ dx^ + r*''' dpki 
\ Sij ©0 + tfij- ©fc + Zijk S'' + qfj dpki J 

and substituting them to (i©o. 



on J'^{£) y<Q. Expressing du, dx^, dpk, and dp^i from 
we have 

(i©o = da A 'do + a d'do = da a~^ A ©o + a dx'^ A dpi = da a~^ A ©o + a dx^ A 'di 
= <l>° A ©0 + a 5^ i/r S'^ A ©„ + aHr R'"' ^ki A ©^ 
+ aHr{Blf^ + R^''wl)Q,AQm, 



(4) 



where 



< 



-- da a-' + a Hf {B^ {c' + R'^' Su) ©™' - Qm' B, 

—gm' -R* {^kl — Ski ©0 — W^i ©m — Zklm S'")) 



r'=k 



and R^^'- 



Ak'l 



^i ^k'l'- 



Qo-f'Qj) 
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The multipliers of S^ A 9^, T,ki A 6^, and Qj A G^, in (JH) are essential torsion 
coefficients. We normalize them by setting aBlHl^ = 5™, i?*'^' = 0, and f''^ = f^^. 
Therefore the ffist normalization is 

h\ = aB^, ^^^' = 0, fki = f3\ (5) 

Analysing (i0j, dS*, and rfSj^ in the same way, we obtain the following normaliza- 
tions: 

qfj = aBi Bj, Sij = Sji, w^j = w'^^, Zijk = Zjik = Zikj. (6) 

After these reductions the structure equations for the lifted coframe have the form 

dOo = $° A 00 + S* A Gi, 



dOi = $" A 00 + <l>,f A Ofc + S'^ A Eifc 



° A 00 + $,f A Ofc + E^ 



dE' = $^ A E' - <l>^ A 2'= + ^*^ A Go + ^''^ A 9^, 

dS,, = $,^ A S,, - $0 A S,, + T°^. A Bo + Tf^. A 6^ + A,,^ A H^ 

where the forms $q, $°, $f, \l/*'', \l/*-', T°-, T^-, and Ajj^ are defined by the following 
equations: 

$0 = da a-i -gkE'' + (c^ + /'"^ ^^) 9^, 



$° = dgi + gk dh] BJ - {gi gk + Sik + c> Zijk) E^ + c^T. 



ik 



+ i9^ C" + g^ grn Z'"' - C> W% + /"^'^ S.m) Qk, 

$f = 5f rfa a-1 - db^ Bl + (^, <5j - w':^ - f"' 4„) E^ + f'^ S,„ + P^ w% Qm, 

+ c'^ (/'™ ^'"^' + ^fc, - ^fc 5} - ^, 5D 2^ (7) 

vi/^i = d/^^- + {f>^ Si, + f' 61) <l>r + {d 6i + d6i- r gu + r f zum) E' 



+r{c'' + f"'9m)ek-r'p'^^ 



km: 



T9. = ds,, - s,, da a-' + s^, db^ B^ + s,, db^ 5f + s,, <l>° + w^^ ^l + z,^^ ^' 



T% = dwt, - <• da a-' + {w^ Sf + w% Sf) db^ B^ + (s., 5^ + z,,i r'' w^J E^ 
+< $^ + r « ^T' + Ki r') ^m'm - {c' + r' 9m) S.„ 

AjjA: = dzijk — 2 Zijk da a + Ziji db,^ BJ^ + zuk db^ BJ^ + zijk db^ B™" + Zijk $o 

+Zijfc 9m, E"^ + ^fj Sjfe + gj Tjik + gk ^ij - w\j T,ik - w\f, Tjij - w^^^ T^u 

/ y^imj ^kl ' Zimk ^jl ' ^jmk ^il ) ■ 

Let H be the subgroup of Q defined by (0) and ©. We shall prove that the 
restriction of the lifted coframe Q to J^{S)xH satisfies Cartan's test of involutivity, |211 
def 11.7]. The structure equations remain unchanged under the following transformation 
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of the forms dZj): $[] ^ $o, $f ^ $f , $" ^ $", ^^^ h^ ^*J', ^*o ^ ^*o, T^j. ^ T°,., 
^??- ^ ^f;' ^ijk ^ Kjk, where 

^io = ^io ^ pij Q, +TQo + KE'-MIe'', (8) 

T:^ = Tj, + Xj' e, + V;5 Go + 1^?, S' + L, S,„ 

and ir, Lf , Mf, iV^, P^^ 5^^■^ T\ Uij, V^^, Wi,k, Xf/, r.J^, and Z^j^i are arbitrary 
constants satisfying the following symmetry conditions : 



■'i -^i 1 -^ -1 , tj Lj >-' 1 '-'I] ^ Oil '^ ij '' jii 

^ijkl ^ jikl ^ijlk ^ikjl- 



The number of such constants 

n{n + 1) n{n + 
^ ^ 6 



/1^ n^ (n + 1) ^ n (n + I) n (n + 1) (n + 2) n(n + l) 



n^in^V) ?2(n+l)(n + 2) n^ (n + 1)^ n2(n + l)(n + 2) 
^ 2 ^ 6 ^ 4 "^ 6 

n(n + l)(n + 2)(n + 3) 1 on/h 2 



— (n + 1) (n + 2) (11 n^ + 29 n + 12) 



24 24 

is the degree of indeterminancy of the lifted coframe, j211 def 11.2]. The reduced cha- 
racters of this coframe, [211 def 11.4], are easily found: s^ = | (n + 1) (n + 4) — z when 
% G {1, ...,n + 1} and s^+i+j = | (n + 1 — j) (n + 2 — j) when j G {1, ...,n}. A simple 
calculation shows that r^^^ = s'^ + 2 Sg + 3 S3 + ... + (2 n + 1) S2„_,_i. So the Cartan test 
is satisfied, and the lifted coframe is involutive. 

It is easy to directly verify that a transformation A : J^{S) x 7i ^ J'^i^) ^ ^ 
satisfies the conditions 

A* Go = 90, A*e, = e„ A*e: = E\ A*%, = E,, (10) 

if and only if it is projectable on J^{S), and its projection A : J'^{S) -^ J'^{£) is a 
contact transformation. 
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Since ^ imply A* dQo = dQo, A* dQi = dQi, A* (E! = dE\ and A* d%j = dEij, 
we have 

A* ($2 A Go + H' A Gi) = (a*$|;) a Go + H^ a 0, = $° a Bo + H^ a 6,, 

A* ($° A Go + $' A Bfc + S' A S,fc) = A* ($!') A 00 + A* ($') A 0^ + 2^= A S.^ 



<l>° A 00 + $,' A 0fc + S'^ A S,fc, 



A* ($5 A S* - $i A S'' + ^'° A 00 + ^"^ A 0^' 

= A* (^q) a H^ - a* (%) A H^ + A* (F") a 00 + a* (W'") A 0^ 

= $!] A S^ - $1. A 2^= + ^*° A 00 + ^''^ A 0fc, 
A* ($' A Sfc, -f,A %, + T°,. A 00 + % A 0, + A,,^ A h') 

= A* ($J) A S,, - A* ($o) A S,, + A* (t^ A 0o + A* (t^ A 0, 

+A* (K,,k) A S*= = $f A Sfc, - $° A S,, + T°,. A 00 + Tf^. A 0^ + A,,^ A S^ 
Therefore, we have the following transformation rules 

A*($;)=$°, A*($J)=$^ A*($°)=$°, 

A* (F^) = $*^ A* (^*°) = $*, A* (t°^.) = T°,., (11) 



A* (t^ = ^, A* (A,,,) = K,,. 



where the constants K, ..., Zijki in (jH)) are replaced by arbitrary functions on J^{S) x 7i 
such that the same symmetry conditions © are satisfied. 

2. Contact symmetries of differential equations 

Suppose 7?. is a second-order differential equation in one dependent and n independent 
variables. We consider 7^ as a sub-bundle in J'^{S). Let ContilZ) be the group of contact 
symmetries for TZ. It consists of all the contact transformations on J'^{S) mapping 7^ 
to itself. The moving coframe method, [HI Ej, is applicable to find invariant 1-forms 
characterizing Cont{TZ) is the same way, as the restriction of the lifted coframe (jH)) to 
J^{£) X Ti characterizes Cont{J^{£)). We briefly outline this approach. 

Let L : TZ —>■ J'^{S) be an embedding. The invariant 1-forms of Cont{7V) are restric- 
tions of the coframe ©, ® , (0) to 7^: 6*0 = 6*0o, Oi = t*Qi, f = l*E\ and (Xij = L*T.ij 
(for brevity we identify the map t x id : TZ x H ^ J'^{S) x H with l : IZ —> J"^ {S)) . The 
forms 6'o, 6'j, ^', and (Tij have some linear dependencies, i.e., there exists a non-trivial set 
of functions E^ , E\ F^, and G'^ onTZxH such that E° Oq + E' 9^ + F, f + G'^ aij = 0. 
These functions are lifted invariants of Cont{TZ). Setting them equal to some constants 



Contact Equivalence Problem for Linear Hyperbolic Equations 7 

allows us to specify some parameters a, h\, Ci, gi, f^^, Sij, w^^ and Zijk of the group Ti 

as functions of the coordinates on TZ and the other group parameters. 

After these normalizations, a part of the forms 0o = '•*'^0' '^f ~ '•*$f , 0° = '•*$^, 
^ij ^ ^*-q,ij^ ^io ^ ^*^io^ ^0 ^ ^*Y0^.^ ^fc ^ ^*Yfc ^ g^j^^ ^.^.^ ^ t*Aijfc, or some their 

linear combinations, become semi-basic, i.e., they do not include the differentials of the 
parameters of 7i. From (fTT|) and (jH)), we have the following statements: (i) if (p^ is semi- 
basic, then its coefficients at 9k, ^'^, and aki are lifted invariants of ContilZ)] (ii) if 0° or 
(f)\ are semi-basic, then their coefficients at S,^ and CTki are lifted invariants of Cont{TV)\ 
(iii) if ip^^, ip^\ or Xijk are semi-basic, then their coefficients at aki are lifted invariants 
of ContilZ). Setting these invariants equal to some constants, we get specifications of 
some more parameters of Ti as functions of the coordinates on TZ and the other group 
parameters. 

More lifted invariants can appear as essential torsion coefficients in the reduced 
structure equations 

de, = 0° A ^0 + 0' A ^fc + e' A aik 

dC = 00 A e - <P\ A e' + ^'° A ^0 + ^"^ A Ok 

da,j = <\)\ A (Tfcj - 0!] A (Tij + v% A ^0 + v\^ A ^^ + A^^fc A ^^ 

After normalizing these invariants and repeating the process, two outputs are possible. 
In the first case, the reduced lifted coframe appears to be involutive. Then this coframe is 
the desired set of defining forms for Cont{TZ). In the second case, when the reduced lifted 
coframe does not satisfy Cartan's test, we should use the procedure of prolongation, |211 
ch 12]. 

3. Structure and invariants of symmetry groups for linear hyperbolic 
equations 

We apply the method described in the previous section to the class of linear hyperbolic 
equations ([T]). Denote x^ = t, x^ = x, pi = Ut, P2 = u^, Pu = Uu, P12 = Utx, and 
P22 = u^x- The coordinates on 71 are {(t,x,u,Ut,Ux,Utt,Uxx)}, and the embedding 
i : TZ ^ J^{S) is defined by ((T)). At the first step, we analyse the linear dependence 
between the reduced forms 6*0, Oi, ^\ and a^. Without loss of generahty we suppose that 
b\ ^ Osmdbl ^ 0, then we find <ti2 = ^1 crn-^Ea 0-22+^3 6^0 + ^4 6'i+£^5 6'2 + £^6 ^^+£^7 ^^ 
where, for example, Ei = -{b\ bl + bl 6f)"^ b\ b\ and E2 = -{bl bj + bl bj)'^ 6| bj. Setting 
El, E2, ..., Ej equal to sequentially, we have Ei = Q ^ b\ = Q, E2 = Q ^ b\ = Q, 



w 



12 



E3 = ^ S12 = -Zii2C^-zi22C^+gi{bl)-'T+g2{b\)-'X-{b\biy^U, E, = 
-^112 /" - ^122 f' - {bl)-' T,E, = 0^ wl, = -zii2 P' - zi22 P^ - {b\)-' X, E, = 
{]^ zii2 = -a{b\)-\bl)-\Tuu + {2T X + 2U -H)ut + {Xt + X^)ux + {Ut + XU)u), 
and^r = ^ ^122 = -a{b\)-\bl)-'^ {Xu^^ + {T^ + T'^)ut + {2T X + 2U - K)ux + 
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{U^ + TU) m), where H = -Tf + T X + U and K = -X^ + TX + f/ are the Laplace 
invariants, [13], [231 § 9]. 

At the second step, we analyse the semi-basic forms 0* and 0°. We have 

02 ^ /12 ^^^ + ^g^ + (6l)-^X) e' (mod 00, ^1, ^2, e'), 

therefore we take /^^ = 0, (71 = —{b\)^^X. This yields 

0? = (_y;2^ + a /22 (6})-2(62)-i (Tuu+i2TX + 2U-H)ut + (Xt + X^) «, 

+ {Ut + XU)u))e (mod ^0,^1,^2), 

therefore we set wj-^ = a f^ {b\y\bl)-^ {Tuu + {2T X + 2U - H)ut + {Xt + X^) u^ + 
{Ut + XU)u). 

After that, we have 

<P\ ^ {g^ + {blr^ T) e + (-< + « /'' ibl)-\bl)-' {Xu,, + (T. + T') m 

+ {2TX + 2U-K)u., + (f/,. + T f/) u)) ^ (mod ^o, ^1, ^2), 

so we set c/2 = -(&i)"^ ^ and w^2 = a /^^ (&1)"^(^2)~^ (^ u^x + (T^ + T^)ut + {2TX + 
2U-K)u., + {U^ + TU)u). 

Then we have 0? = & an (mod Oq, ^1, 62, e. e'), 0° = c^ ^22 (mod ^0, ^1, ^2, ^S e'), 
so we set c^ = and c^ = 0. Now we obtain 

(l)l^Kibl)-\bl)-'e (mod ^0,^1,^2), 

(l)l^Hibl)-\bl)-'e (mod ^0,^1,^2). (12) 

There are two possibilities now: if = fT = or at least one of the Laplace invariants 
is not identically equal 0. 

We denote by Si the subclass of equations ((T)) such that H = K = 0. For an 
equation from Si we use the procedures of absorption and prolongation, j21], to compute 
the structure equations: 

dOi = r]2Aei+^^ AcTn, 
d62 = r]^ A 62 + i^ A (J22, 
d^^ = (r]i-7]2)A^^ + V^Aei, 

d^^ = iVi-V3) A^' + r75Ae2, 

dau = {2r]2- Vi) A (Xu + r/e A ^1 + r/7 A ^\ 

da22 = {2r]3- r]i) A 0-22 + r/s A 6*2 + r/g A ^^ 

dr]i = 0, 

dr]2 = TTi A 6*1 + ?74 A an - % A ^\ 
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dr]3 = VTa A 6*2 + ?75 A 0-22 - m A ^^ 
dr]4 = -TTi A ^^ + TTg A ^1 + (r^i - 2 772) A 7/4, 
dV5 = -7r2 A ^2 + 7r4 A 02 + (^1 - 2 r^g) A 775, 

C??76 = 2 TTi A (Til + TTg A 6*1 + TTq A ^^ + (^2 " ^71) ^ Vd ^ Vi ^ Vt , 

dr]Y = ttq A 6*1 + TTr A ^^ - 3 ?76 A 0-11 + (3 ?72 - 2 m) A r^r, 

(i?78 = 2 712 A 0-22 + TTg A 6^2 + TTg A ^^ + {vs - Vi) A r^g - r/5 A 779, 

rfr/g = TTg A 6*2 + TTio A ^^ - 3 r/8 A Cr22 + (3 7/3-2 T/i) A r/g. 

In these equations, the forms r/i, ... , r/g on J'^{S) x 7i depend on differentials of the 
parameters of 7i, while the forms tti, ..., vtiq depend on differentials of the prolongation 
variables. From the structure equations it follows that Cartan's test for the lifted coframe 
{^o, 01, ^2, C,^, C,"^, o"ii, cr22, Viy V2, ■■■, V9} is satisfied, therefore the coframe is involutive. 

The same calculations show that the symmetry group of the linear wave equation 
Utx = has the same structure equations, but with a different lifted coframe. All the 
essential torsion coefficients in the structure equations are constants. Thus, applying 
Theorem 15.12 of [21], we obtain the well-known result, PBl § 9]: every equation from 
Si is contact equivalent to the wave equation. 

Now we return to the case oi H ^ or K ^ 0. Since we can replace H 
and K by renaming the independent variables t \-^ x, x ^-^ t, we put H ^ 
without loss of generality. Then we use (fT^ and take 62 = H{b\)~^. After this, 
the form (j)\ + (p^ — 2 (pQ becomes semi-basic. Since cpl + (pl — 2 (pQ = f^^ an + 
/22 cr22 (mod ^i, 62, ^\ ^^), we take /^^ = and f^ = 0. Then we have 0^ + 0^ - 2 0° = 
- {wl, + H-\b\)-\Ht + 2XH))e~ {WI2 + H-%\ {H, + 2TH)) e (mod ^1,^2), so 
we take wl^ = -H-\b\)-\Ht + 2XH) and w;| = -H-%\ {H^ + 2TH). 

At the third step, we analyse the structure equations. After absorption of torsion 
they have the form 

rf0o = r/iA0o + e'A0i+e'A02, 

d0i = r/2A0i+e'Aaii-P0oAe', 

dOi = {2r]i- r]2) A92-9oA^^ + ^^A ^22, 

de = ivi-v2)Ae, 

de = {V2-r]i)Ae, (13) 

dan = i2r]2- r]i) A an + r/s A e' - Pt (&})"' ^o A e' + (Q + 1 - 2 P) ^i A e', 

da22 = {3r]i - 2r/2) A ^22 + ^74 A e' + (P + Q - 2) 62 A ^\ 

where the functions P = K R-^ and Q = (H Ht^ - Ht H^) R-^ = {\xi\H W^ H'^ are 
invariants of the symmetry group, and the 1-forms r/i, ..., 774 depend on differentials of 
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parameters of the group 7i (these forms are not neccessary the same as in the case of 
an equation from Si). 

We denote by ^2 the subclass of equations ((H) such that Pt ^ 0. This subclass is 
not empty, since, for example, the equation utx = t^x^Ut + u belongs to 82- For an 
equation from ^2 we can normalize Pt (&i)"^, the only essential torsion coefficient in the 
structure equations (fT!^ . to 1 by setting h\ = Pt. Then, after prolongation, we have 
the involutive lifted coframe 6 = {9o,9i,92,^^,^'^,<Ju,cr22,Vi:V2,V3} with the structure 
equations 

d9o = r]iA9o + ^^A9i + ^^A92, 

d9i = r]iA9i-P9oA^^-J29iA^'-Ji9iA^^ + ^'A au, 

d92 = r/i A ^2 - ^0 A ^^ + J2 ^2 A ^^ + Ji ^2 A ^2 + ^^ A ^22, 

de = j2e^e. (14) 

dau = r]i A an + V2 A ^^ - 9o A ^^ + {Q + I - 2 P) 9i A ^^ + 2 Ji^^ A an, 

d(T22 = r/i A 0-22 + r/3 A ^^ + (P - 2 + g) ^2 A ^^ - 2 J2 ^^ A (T22, 

dr]i = {P-l)eAe, 

dr]2 = TTi A e^ + r^i A r/2 - 3 Ji r/2 A e' + ^2 ^0 A ^2 + (4 P J2 - 2 Q J2 - ©1 (Q) 

-2 J2 + 3) ^1 A e' + (2 Ji J2 + 2 - 3 P + 3 g - 2 ©2(72)) e' A an, 
dris = vr2 A e' + r/i A r^s + 3 J2r/3 A e' + (2 Ji (P + Q - 2) - D2(Q) - D2(P)) ^2 A ^ 

+ (2 P - 3 - 2 Ji J2 + 2©2(^2) + Q) e' A ^22, 

where the functions Ji = —Ptx H^^ and J2 = {Ht Pt — H Ptt) H^^ {Pt)~'^ are invariants 
of the symmetry group of an equation from ^2, the operators 

»i = ^ = {Pt)-'Dt. ®2 = 1^ = P^H-'^x 

are invariant differentiations associated with E} and ^^. These operators are defined by 
the identity dF = Di(P) C,^ + D2(P) ^^, where F = F{t, x) is an arbitrary function. The 
commutator identity for the invariant differentiations has the form 

[roi,©2] = -JlDi- J2©2. (15) 

We have ]D)i(P) = 1, and, applying (fT^ to P, we obtain the syzygy 

Ji = -©i(©2(P)) - J2D2(P). (16) 

If B2iP) ©i(g) ^ D2(Q), i.e., if Pt Qx ^ P. Qt, then, applying ^ to Q and using (US}, 
we have 

J2 = ([©i,©2] (g) -Di(g)Di(©2(P))) iB2iP)mQ)-B2{Q))-\ 
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Therefore, in this case the functions P and Q are a basis of differential invariants of the 
symmetry group. But P and Q are not neccessary a basis in the case of their functional 
dependence, cf. th 2.3], [HIl § 10.4.2]. To prove this statement, we consider the 
equation 

2(p(t) -1) 2 .,,.., 

"" = "' + imUi "' + ,(t)(t+.r <' - <"<" - 1) (' + ^» ^" (1^' 

with arbitrary functions p(t) and q(t) such that p'(t) 7^ and q'(t) 7^ 0. For this equation 
we have 

P=pit), Q = q{t), J, = - I /^^^^ 

q'{t){t + x) {p'{t))^ p'{t)q{t} 

Di(P) = 1, D2(^) = 0, Di(Q) = q'{t) {p'{t))-\ D2(Q) = 0, and by induction the only 
non-trivial higher order differential invariants ]D)\{Q) depend on t. Since J2^x 7^ 0, the 
function J2 is independent of P, Q, and all their invariant derivatives. Thus for the 
whole subclass ^2 we should take the functions P, Q, and J2 as a basis for the set of 
differential invariants of the symmetry group. To construct all the other invariants, we 
apply Di and D2 to P, Q, and J2. The commutator identity (|T5|) allows us to permute Di 
and ©2, so we need only to deal with the invariants Pjk = ©{(©^(-P)), Qjk = ^{(©^(Q))) 
and J2,jk = ©i(D^(J2)), where j > 0, A; > 0. 

For s > the s-th order classifying manifold associated with the lifted coframe 6 
and an open subset f/ C M^ is 

C^'\e,U) = {{P,k{t,x),Q,k{t,x),J2,jk{t,x)) I 0<j + k<s, {t,x)eU}. (18) 

Since all the functions Pjk, Qjk, and J2jk depend on two variables t and x, it follows 
that ps = diiaC^'^\6, U) < 2 for all s > 0. Let r = min{s | ps = Ps+i = Ps+2 = •••} be 
the order of the coframe 0. Since Pt 7^ 0, we have 1 < Po ^ Pi ^ P2 ^ ••• ^ 2. In any 
case, r + 1 < 2. Hence from Theorem 15.12 of [2l] we see that two linear hyperbolic 
equations (^ from the subclass ^2 are locally equivalent under a contact transformation 
if and only if their second order classifying manifolds (fTHj) locally overlap. 

Remark 1. A Lie pseudo-group is called structurally intransitive, ^Zj, if it is not 
isomorphic to any transitive Lie pseudo-group. In 4J, Cartan proved that a Lie pseudo- 
group is structurally intransitive whenever it has essential invariants. An invariant of a 
Lie pseudo-group with the structure equations 

is called essential if it is a first integral of the systatic system A^^^, oj^. From the structure 
equations (fT^ it follows that the systatic system for the symmetry pseudo-group of an 
equation from ^2 is generated by the forms S} and S,"^. First integrals of these forms 
are arbitrary functions of t and x. Therefore, the invariants P, Q, J2, and all the non- 
constant derived invariants are essential. Thus the symmetry pseudo-group of equation 
(^ from the subclass S2 is structurally intransitive, and the moving coframe method is 
applicable to finding Maurer - Cartan forms for differential equations with structurally 
intransitive symmetry pseudo-groups, cf. [T7j . 
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Remark 2. In [[!¥ ;. th 1], the following basis of invariants for the symmetry group of 
equation ((T)) is found: {P, Q, J^, J^, J^}, where 

Jl = H-' {KHt. + HKt,- HtK^ - H^Kt) , 

J| = H-^ (HK^-K H^f [H K Hu - H^Ku - 3 K H^ + 3 H HtKt) , 

Jl = H-' {HKt - KHtf [HKH,, - H^K,, -3KHl + 3HH,K,) . 

Using ()16p. we have the following expressions for invariants J|, J^, and J^ in terms of 
P, Q, J2, and their invariant derivatives: 

Jl = 2PQ + ©i(©2(P)) + J2 D2(P), 

Ji = J2 iB,iP))\ 

The following operators of invariant differentiation are found in |^ : 

Xi = H~^ {HK^ - KH,) Dt, X2 = H^ {H K, - K H^y' D,. 

We have Xi = ©2(i^)Di and X2 = ©2(i')"^D2. Then in the case ©2(P) = = Px 
the operator X2 is not defined, while Xi is trivial, J3 = 2 P Q, J| = 0, and J^ = 0. 
Therefore, the functions P, Q, J3, J^, and J^ are not a basis of invariants of symmetry 
group for equation (fT7|) . 

Remark 3. In the theorem of J2]; two sets of functions are stated to be bases for 
invariants of symmetry groups of equations (^: the first set consists of functions P, Q, 
I = PtPxH~^, Q = {\n\ K \ )txK~^, and the second set consists of the functions P, Q, I, 
and — J2- The operators of invariant differentiation are taken in the form Vi = Pf^D^ 
and V2 = P^^Dx- We have / = D2(P), therefore the function I can be excluded from 
both sets. Also we have Q = Q p-^ + J2©2(P)P"^ + Di(D2(P))P"^ - D2(P)P"^ 
Vi = Di, and V2 = (D2(P))"^D2. Therefore, in the case P^ = = ©2(P) we have 
/ = and Q = Q P~^, so the functions P, Q, I, and Q are not a basis of invariants for 
the symmetry group of equation (fTTjl . 

The function J2 and the operator Vi are not defined when Pj = (for example of 
this case we take the Moutard equation Utx = U{t, x) u). So the second set of functions 
is not a basis of invariants of symmetry groups for the whole class (|T|). 

Now we return to the case Pt = 0. Then the torsion coefficients in the structure 
equations (fT^ are independent of the group parameters, while dP = Pxh\H~^ ^'^. We 
denote by S^ the subclass of equations (fTJ such that Pt = 0, Pr 7^ 0. This subclass is not 
empty, since, for example, the equation Utx = x^ Ux + u belongs to S^. For an equation 
from 1S3 we normalize h\ = H P^^. After absorption of torsion and prolongation, we 
obtain the involutive lifted coframe 6 = {9Q,9i,92,^^,C,'^,<7n,o'22,Vi:V2,V3} with the 
structure equations 

d9o = Vi^0o + ^^A9i + ^^A92, 
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dOi = 7]i A 01 - P 00 A ^"^ - LOi A ^"^ + ^^ A an, 
(102 = r]i A 02 - 00 A ^^ + L02 A ^'^ + ^"^ A a22, 

de = 0, 

dan = r^i A (Til + r72 A ^1 + (g + 1 - 2 P) 01 A ^2 + 2 L ^2 A CTii, 
da22 = r^i A ^22 + r73 A e' + (P - 2 + g) 02 A i\ 

dvi = iP-i)eAe, 

dr]2 = TTiA^'-7]iAr]2-3Lr]2A^^-Bi{Q)0,A^^ + {3Q-3P + 2) ^^ A an , 

dv3 = 7r2 A ^^ + r]i Ar]s - {AL + 1 - 2 P L - 2Q L + B2{Q)) 02 A ^' 

+ {Q-3 + 2P)^^Aa22, 

where the function L = [H P^x — H^Px) {Px)~^ H~^ is an invariant of the symmetry 
group, and the operators of invariant differentiation are Di = PxH~^Dt and D2 = 
(Px)-^ Dx. We have Di(P) = 0, ©2(P) = 1, and 

[©i,©2] = ^roi. (19) 

In the case ©i(g) ^ we apply ^ to Q and obtain L = [D^Da] (Q) (Di(g))-^ 
Therefore, in this case the functions P and Q are a basis for the set of differential 
invariants of the symmetry group. But if ©i(g) = 0, then the functions P and Q are 
not neccessary a basis. For example, consider the equation 

2(p(x) -1) 2 / / X / / X .X / 

q[x) [t + X) q[x) [t + x)^ 

where p{x) and q{x) are arbitrary functions such that p'{x) 7^ and q'{x) 7^ 0. This 
equation has the following invariants: 

P = p{x), Q = q{x), L = -——-- + /-^ + 



p'{x) {t + x) {p'{x)y p'{x) q{x) 

We have Di(g) = 0, D2(g) = <l'{x) {p'{x))~^, and by induction the only non-trivial 
higher order differential invariants D2(g) depend on x. Since Lf 7^ 0, the function L is 
independent of P, Q, and all their invariant derivatives. Thus for the whole subclass ^3 
we should take the functions P, Q, and L as a basis for the set of differential invariants 
of symmetry group. The s-th order classifying manifold associated with the coframe 
and an open subset U eM."^ can be taken in the form 

C^'\0,U) = {{Pix),Qjkit,x),Ljk{t,x)) I 0<j + k<s, it,x)eU} (20) 

with Qjk = D{(D2(Q)) and Ljk = roj(D2(-L)). Then two equations from 1S3 are equivalent 
under a contact transformation if and only if their second order classifying manifolds 
(p?)) are (locally) overlap. 
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Now we consider the case P = const. Then we have dQ = Qt ib\)~^ C,^ + 
Qxb\H^^ ^'^. We denote by ^4 the subclass of equations (jT)) such that P = const., 
Qt 7^ 0. This subclass is not empty, since, for example, the equation utx = (t ^ 
x)^Ux + (t — xY u belongs to 1S4. For an equation from S4 we normalize b\ = Qt. 
Then after absorption of torsion and prolongation we have the involutive lifted coframe 
6 = {6*0, ^1, ^2 5 ^\ C^ 5 cm, cr22 5 ^715 ''?2 5 "/^s} with the structure equations 

dOi = r/i A ^1 - P^o A ^2 - M2 ^1 A e^ - Ml ^1 A ^^ + ^^ A an, 
de2 = r]i A 02 - 9o A ^^ + M292 A ^^ + Mi ^2 A ^^ + ^^ A ^22, 

de = MieAe, 
de = M2e^e. 

dcTu = r]i A an + T]2 A ^^ + {Q + 1 - 2 P) 9i A ^^ + 2 Mi^'^ A an, 
da22 = r/i A 0-22 + r/3 A ^^ + (P - 2 + g) ^2 A ^^ - 2 M2 ^^ A ^22, 

dr]i = {P-l)eAe, 

dri2 = Til A^^ + rii Ari2 - 3 Miri2 A ^^ - (1 + 2 M2 + 2Q M2 - 4:P M2) 9i A ^^ 

+ (g - 2 M1M2 - 3 P - 2Bi{Mi) + 2) ^"^ A an, 

dV3 = 7r2 A e' + m A 773 + 3 M2 r73 A e' - (4 Mi - 2 MiP - 2 MiQ + ©2(Q)) ^2 A ^^ 

+ (2 M1M2 + 2 P - 3 + 2 Di(Mi) + 3 g) e' A ^22, 

where the functions Mi = —Qtx H~^ and M2 = {HtQt — H Qu) H^^ Q^"^ are invariants 
of the symmetry group, and the operators of invariant differentiation are ©i = Qi^ Dt 
and ©2 = QtH-^Dx. We have [©1,02] = -Mi©i - M2©2- Since Di(Q) = 1, then, 
applying the commutator identity to Q, we have the syzygy Mi = — Di(©2(<5)) — 
M2D2(Q). The functions Q and M2 are a basis for the set of all invariants of the 
symmetry group of an equation from 1S4. We take the s-th order classifying manifold 
associated with the coframe and an open subset f/ G M^ in the form 

C^'\0,U) = {{P,Qjk{t,x),M2,jkit,x)) I 0<j + k<s, it,x)EU} (21) 

with Qjk = ©{(©|(Q)) and M2jfc = D{(ro^(M2)). Then two equations from ^4 are 
equivalent under a contact transformation if and only if their second order classifying 
manifolds (pT|l are (locally) overlap. 

Next we denote by S^ the subclass of equations (jT} such that P = const., Qt = 0, 
Qx 7^ 0. This subclass is not empty, since, for example, the equation 

2(A-1) , 2(A+(A-l)(t + a:)) ^ 

q{x) [t + xj q[x) [t + xy 
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has the invariants P = X = const., Q = q{x), and belongs to S^. For an equation from 
iSs we normahze b\ = H Q^^. Then after absorption of torsion and prolongation we have 
the involutive lifted coframe = {9o,Oi,02,C^,^^,o'u,a22,Vi,f]2,V3} with the structure 
equations 

dei = 7]iAei-PeoA^^-NeiA^^ + ^^A an, 
d92 = r/i A ^2 - ^0 A ^^ + A^^2 A ^2 + ^^ A ^22, 

de = 0, 

dau = r/i A (Til + r/2 A ^1 + (Q + 1 - 2 P) ^1 A ^^ + 2 A^ ^2 A an, 
da22 = r/i A ^22 + r/3 A e' + (P - 2 + g) ^2 A ^\ 

dv, = iP-i)eAe, 

dri2 = niA^^ +riiAri2-3Nri2A^^ + i2-3P + 3Q)^^ Aaii, 

c^r^s = 7r2 A e' + r^i A r/3 + (2 iV (P + g - 2) - 1) ^2 A ^1 + (2 P + Q - 3) e' A ^22, 

where the function A^ = {H Qxx—H^ Qx) H^^ Q~^ is an invariant of the symmetry group, 
and the operators of invariant differentiation are Di = QxH~^ Dt and D2 = Q~^ Dx- 
We have [Di,©2] = -A^^i, ©i(g) = 0, and ©2(g) = 1- The functions Q and A^ are a 
basis for the set of all invariants of the symmetry group of an equation from 55. We take 
the s-th order classifying manifold associated with the coframe and an open subset 
f/ G M^ in the form 

C^^\0,U) = {iP,Qix)Mi^2iN))it,x)) I 0<j + k<s, it,x)eU}. (22) 

Then two equations from 1S5 are equivalent under a contact transformation if and only 
if their second order classifying manifolds ()22|) are (locally) overlap. 

Finally, we denote by Sq the subclass of equations ((H) such that P = const., 
Q = const. This subclass is not empty, since, for example, the equation 

Utx = —tut — \xUx — \txu (23) 

has the invariants P = X and Q = 0, while the Euler - Poisson equation 

utx = 2 fi'^ {t + xy^ ut + 2 X ij,~^ {t + x)'^ Ux - 4: X jj,"'^ {t + xy^ u (24) 

has the invariants P = X and Q = ^, [23, § 9.2]. For an equation from Sq 
after absorption of torsion and prolongation we have the involutive lifted coframe 
= {9q, 61, 6*2, ^\ ^^, cTii, o"22, ?7i, Tl2i V3y Vi} with the structure equations 

deo = r]iA9o + ^^A9i+^^A92, 
dOi = r/2 A ^1 - P^o A e" + ^1 A 0-11, 
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(162 = (2r7i - r]2) A ^2 - ^o A ^^ + ^^ A ^22, 

dau = (2 772 - Vi) A an + r73 A e' + (g + 1 - 2 P) 01 A e, 

d(T22 = (3r7i - 2?72) A (T22 + r74 A ^2 + (P - 2 + Q) 62 A ^\ 

rfr7i = (P-l)e'Ae', 

rfr72 = (P-g-l)e'Ae', 

dm = vri A ^1 - (2 r/i - 3 7^2) A 7^3 + (3 (Q - P) + 2) ^ A an, 

ci//4 = 7r2 A ^2 _^ (4r7i - 3 r/2) A r/4 + (3 (Q - 1) + 2 P) ^^ A (T22. 

All the invariants of the symmetry group for an equation from Sq are constants, and 
the classifying manifold is a point. Thus an equation from Sq is equivalent to one of 
equations (jSBI) or (j^ with the same values of P and Q, [23, § 9.2]. 

The results of the above calculations are summarized in the following statement: 

Theorem. The class of linear hyperbolic equations (OJj is divided into the six subclasses 
Si, S2, ..., ^6 invariant under an action of the pseudo-group of contact transformations: 

Si consists of all equations (OP such that H = and K = 0; 

S2 consists of all equations (OJ) such that Pf 7^ 0; 

^3 consists of all equations (Cp such that Pt = and P^ 7^ 0; 

1S4 consists of all equations (Op such that P = const, and Qt 7^ 0; 

S^ consists of all equations (Op such that P = const., Qt = 0, and Qx 7^ 0; 

Sq consists of all equations (OP such that P = const, and Q = const. 

Every equation from the subclass Si is locally equivalent to the linear wave equation 
Utx = 0. 

Every equation from the subclass Sq is locally equivalent to either equation / f^) 
when Q = or to the equation ^2^ when Q 7^ 0. 

For the subclass S2, the basic invariants areP, Q, and J2, the operators of invariant 
differentiation are ©1 = Pf^Dt and ©2 = PtH~^Dx. 

For the subclass S^, the basic invariants are P, Q, and L, the operators of invariant 
differentiation are ©i = P^H'^Df anc? ©2 = Px^D^. 

For the subclass S4, the basic invariants are Q, Mi, and M2, the operators of 
invariant differentiation are ©1 = Q~[^Dt and ©2 = QtH~^Dx. 

For the subclass 1S5, the basic invariants are Q and N, the operators of invariant 
differentiation are ©1 = QxH^^Dt and ©2 = Qx^Dx- 

Two equations from one of the subclasses S2, S3, S4, or S^ are locally equivalent 
to each other if and only if the classifying manifolds (03), (f^). /f^). or ( f^) for these 
equations locally overlap. 
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Conclusion 

In this paper, tlie moving coframe method of jH] is applied to the local equivalence 
problem for the class of linear second-order hyperbolic equations in two independent 
variables under an action of the pseudo-group of contact transformations. The class 
is divided into the six invariant subclasses. For all the subclasses, the Maurer - 
Cartan forms for symmetry groups, the bases of differential invariants and the invariant 
differentiation operators are found. This allowed to solve the equivalence problem for 
the whole class of linear hyperbolic equations. It is shown that the moving coframe 
method is applicable to structurally intransitive symmetry groups. The method uses 
linear algebra and differentiation operations only and does not require analysing over- 
determined systems of partial differential equation or using procedures of integration. 
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